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Abstract

In this study, we performed ﬁnite element method simulations to investigate the effect of the
structure on the elastic response of Ag and Au nanowires (NWs) with a ﬁvefold twinned crystal
structure in bending tests. Two different models of a pentagonal NW were created: a ‘uniform
model’ having an isotropic continuous structure and a ‘segmented model’ consisting of ﬁve
anisotropic domains. Two asymmetrical mechanical test conﬁgurations were simulated:
cantilevered beam bending and 3-point bending. The dimensions of the NW, the test
conﬁgurations, as well as the force and the displacement ranges were based on the previously
obtained experimental data. The results of the simulations demonstrated that the segmented
model was stiffer than the uniform one in both of the bending tests. The effect was more
pronounced for the cantilevered beam bending conﬁguration. This fact should be taken into
account in the interpretation of the increased measured Young’s modulus of pentagonal NWs in
comparison to the elasticity of the same material in bulk form.
Keywords: ﬁnite element method, pentagonal nanowires, twinned, bending test, mechanical
properties
(Some ﬁgures may appear in colour only in the online journal)
Introduction

The peculiar internal structure of pentagonal materials is
expected to lead to mechanical properties different from those
of regular monocrystals. This fact must be taken into account
when considering applications in which nanocrystals are
subjected to mechanical deformation, like e.g. NW-based
nanoswitches [3] and nanoresonators [4]. In particular, Ag
NWs are a promising material for ﬂexible transparent electrodes [5]. Plasmon propagation and the optical properties of
Ag and Au NWs made them attractive for nanophotonics as
waveguides for visible light [6–11]. In all these applications
NWs may experience severe and sometimes repeated bending
deformations. Therefore, proper understanding of the
mechanical behaviour of NWs under bending deformation

Some FCC metals are known to form nanocrystals with
ﬁvefold (pentagonal) symmetry conditioned by twin boundaries dividing ﬁve regular crystalline domains [1, 2]. Such
crystals can be considered as consisting of ﬁve single prismatic crystals rotated relative to each other by approximately
72° as shown schematically in ﬁgure 1(a). The ﬁvefold
symmetry is very common for gold and silver nanoparticles
and nanowires (NWs) (ﬁgure 1(b)).
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Figure 1. Schematics (a) and SEM image (b) of pentagonal silver nanowire.

Figure 2. Schematics of the most common mechanical tests applied to NWs.

those methods cannot be directly used for describing the
behaviour of the NW in pure bending conditions. To obtain a
more realistic mechanical response the mechanical testing
must be conducted using the cantilevered beam bending
conﬁguration [16]. In the cantilevered beam bending conﬁguration the NW ﬁxed from one end is half-suspended over a
trench or a hole enabling mechanical testing in pure bending
conditions (ﬁgure 2(d)).
For simplicity reasons in the experimental works dedicated to the mechanical characterization of Ag and Au NWs,
the ﬁve-fold twinned structure is usually neglected and NWs
are considered in terms of a prismatic uniform beam with a
pentagonal or even a circular cross-section [13, 14]. This
oversimpliﬁed description of the structure may lead to a
misinterpretation of the results of the measurements. For

and use of correct theoretical models is essential for both the
design and function of NW-based devices.
The mechanical properties of pentagonal Ag NWs have
been studied experimentally using different methods including tensile [12], three point bending test [13, 14] and
nanoindentation [15] (ﬁgures 2(a)–(c)). The three point
bending test, compared to others, is the most commonly used
method due to the relative technical simplicity and straightforward analysis. In the three point bending test the NW is
subject to both tensile and bending deformations due to
commonly strong link of the NW to the substrate. Thus, the
test conﬁguration in these methods does not correspond to the
pure bending conditions present in the real working systems
mentioned earlier. Therefore, taking into account the anisotropy of the crystalline NWs the results obtained by one of
2
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represents the FCC monocrystals (ﬁgure 1(a)). Each domain
was given a speciﬁc linear elasticity represented as a 6 by 6
elasticity matrix. For FCC and other materials with cubic
symmetry, the elasticity matrix has only three independent
coefﬁcients. In our simulations ﬁrst we used Ag coefﬁcients
with the following values in Voigt notation: C11=124 GPa,
C12=93,4 GPa, C44=46,1 GPa [22]. Then simulations
were repeated with the elasticity matrix for gold (Au) with the
corresponding coefﬁcients: C11=190 GPa, C12=161 GPa
and C44=42.3 GPa [23]. The elasticity matrix of each
domain was rotated 72° relative to the neighbouring domain
in order to comply with the crystallographic orientations of
the domains in real ﬁve-fold twinned crystals. From a physical point of view, the segments in a real ﬁve-fold twinned
NW are connected by twin boundaries, which means bonding
is practically equivalent to the one inside the crystal. Therefore, the domains were rigidly connected to each other.
Two mechanical characterization methods, the cantilevered beam bending and the three point bending test, were
separately simulated. The dimensions of the NWs, forces and
displacements were based upon the real experimental values
and the conﬁgurations found in literature dedicated to the
mechanical characterization of Ag NWs.
For the cantilevered beam bending test the width and
length of the NW were 77 nm and 1.2 um, respectively. A
portion of one of the facets of the NW was ﬁxed in space to
simulate the half-suspended NW adhered to the ﬂat substrate
in the real nanomechanical test (ﬁgure 2(d)). The length of the
ﬁxed part was equal to 1/6 of the length of the NW. Bending
was tested by applying the load to the free end of the NW in
plane with the ﬁxed facet and normal to the long axis of the
NW. The applied load was increased from 0 to 30 nN with a
1 nN step.
For the three point bending simulations the NW was
rigidly ﬁxed by the bottom facets from the both ends. The
diameter and the length of the NW were 57 nm and 1.314 um,
respectively. The load was applied in the middle of the suspended part to simulate the conditions shown schematically in
ﬁgure 2(b). The applied load was increased from 0 to 90 nN
with a step of 3 nN.
The mesh of the models was a combination of swept and
tetrahedral type elements. The domains with ﬁxed facets and
those to which the external force was applied were meshed by
tetrahedral elements. Other domains were meshed with swept
elements, which had a quadrangular cross-section. The distribution of the swept elements had higher density in areas of
interest and where high stress values were expected. Total
number of elements was around 25000 per NW.
MUMPS (Multifrontal Massively Parallel sparse direct
Solver) was selected as a stationary solver in conjunction with
a parametric solver for the gradual increasing force applied to
the NW and fully coupled solver that employed the automatic
nonlinear method to control the damped Newton iterations
with tolerance termination. The stationary solver had a relative tolerance of 10−6, around which the simulation results
achieved satisfactory stability. As a result of the simulation,
force-displacement curves were obtained analogous to those
of the real nanomechanical experiments [16]. By analysing

instance, Vlassov et al reported 90 GPa for Young’s modulus
of Ag NWs measured in the cantilever beam bending test
[16], which is slightly higher than the bulk value of 84 GPa
for silver. Typically, the elastic stiffening of NWs is attributed
mainly to the increased contribution of surface effects for
nanostructures like e.g. surface bond saturation resulting from
an increased electron density [17] or decrease in the surface
interatomic spacing due to surface reconstruction [18, 19].
However, those effects usually become noticeable for diameters below 100 nm, while Vlassov et al [16] found an
increased stiffness for diameters up to approx. 200 nm. One of
the possible explanations for this is that in the case of pentagonal crystals the ﬁve-fold twinned structure can contribute
to the increased elastic modulus as was shown by Yoo et al in
the molecular static simulations of a tensile test [20]. It should
be noted, however, that in a tensile test, an uniaxial load is
uniformly applied along the NW, i.e. stresses are uniformly
distributed along all the ﬁve crystallites. Thus, as far as the
NW stays in the elastic regime, the effect of the structure on
mechanical properties is less pronounced than one may expect
for uniaxial deformation. When the NW is subjected to
bending deformations, stresses are highly non-uniform and
the situation is more complicated. Recently, Vazinishayan
et al [21] studied the effect of the cross-sectional geometry on
the mechanical response of NWs in the three point bending
test by performing the corresponding simulations. However,
to the best of our knowledge, there are no works available,
where the structure is taken into account when bending of
ﬁve-twinned NWs is considered.
In the present work, we investigate the effect of the
structure on the elastic response of a pentagonal NW in a
bending test. We perform ﬁnite element method (FEM)
simulations of the cantilevered beam and three-point bending
tests of pentagonal Ag and Au NWs and compare the elastic
response for two different NW models: the isotropic uniform
model and the anisotropic segmented one. In addition, the
effect of the cross-section geometry on the apparent Young’s
modulus is considered.

Model and method
FEM simulation details

The simulations of the cantilevered beam and three point
bending tests were performed using the COMSOL Multiphysics 5.2 solid mechanics module. The linear elastic material model was chosen.
The models of the pentagonal NWs were created in two
different varieties: isotropic uniform and anisotropic segmented. In all cases, the material was deﬁned as silver with
the corresponding reference elasticity parameters.
The isotropic model consisted of the linear elastic isotropic material with the COMSOL Multiphysics reference
parameters shaped into the pentagonal prism.
The anisotropic segmented model comprised of the
prismatic pentagonal rod constructed of ﬁve triangular segments (prism domains) with the vertex angle of 72° that
3
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Figure 3. Comparison of circular and pentagonal cross-section,

where D is the diameter. (b) Geometry of the produced FEM model
of Ag NW.

Figure 4. Epent/Ecirc dependence on the NW diameter and the
displacement in the case of three point bending method.

the force-displacement curves it is possible to extract the
Young’s modulus by using an approximation of the classical
elastic beam theory (EBT) [24]. In particular, Young’s
modulus can be obtained by ﬁtting from the elastic beam
equilibrium equation [24]:

same force and displacement. I values for the circular and
pentagonal cross-sections are given by equations (3) and (4),
respectively. In the case of the cantilevered beam bending test
the following is valid: EcircIcirc=EpentIpent. Thus, we obtain
Epent≈1.4Ecirc. In the case of the three point bending test the
comparison is more complicated, since Epent/Ecirc is not a
constant, but will depend both on the apparent diameter D and
displacement, as shown on a plot in ﬁgure 4. If we take
realistic example of NW with D=100 nm and displacement
of the central part 10 nm, then we obtain the same
Epent=1.4Ecirc.
p 4
Icirc =
D » 0.0491D 4
(3 )
64

EI

d2q
+ F cos (q ) = 0
dl 2

(1 )

where E is the Young’s modulus of the beam, I is the area
moment of inertia, F is the applied load and θ is the angle
between the tangent of the bent beam proﬁle projected on the
initial beam proﬁle as a function along the beam axis l.
For the three point bending test the elastic modulus is
calculated as follows:
FL3 ⎛⎜
A 2⎞⎟-1
E=
1+
d
192dI ⎝
24I ⎠

Ipent =
(2 )

1 (3 96 (3 +

5)
265 + 118 5 D 4 » 0.0349D 4 (4)
5)

where L is the length, d is the displacement of the center point
and A is the area of the cross-section of the beam [25].

Thus, the assumption of the circular cross section for the
pentagonal NW in a bending test will result in greatly
underestimated E values (up to 40%).

Results & discussion

Structure of nanowire

In this section, we investigate the effect of the structure of the
NW to its elastic response in bending tests by performing
corresponding FEM simulations and comparing the forcedisplacement curves for different NW models. The forcedisplacement curves obtained in the FEM simulations of
cantilevered beam bending tests of Ag NWs within typical
experimental load range [16] are shown in ﬁgure 5(a). It can
be clearly seen that the segmented NW model behaves in a
more stiff way than the uniform model. The distribution of the
Von Mises stresses in the elastically bent NWs is shown in
ﬁgure 6. Stresses are unevenly distributed and are more
concentrated on the edges. Both the uniform and segmented
models had a very similar stress distribution, however the
segmented NW revealed higher stress values and had
approximately 9% more elastic strain energy stored in comparison to the uniform model for the same displacement. A
similar difference was also found for the elastic moduli. The

Cross section of the nanowire

Before discussing and simulating the structure of the NW, let
us ﬁrst make a simple estimation of the dependence of the
Young’s modulus measured in a real test on the cross-section
geometry of the NW.
When a bending test is performed inside a scanning
electron microscope (SEM) [16] we see the NW from the top,
which gives us data on its length, width (projection to the
substrate plane) and displacement during the measurement.
The force is measured by an external force sensor therefore
enabling one to plot the force-displacement curve. However,
to extract the Young’s modulus we need to know the crosssection of the NW.
Now let us compare the E values measured for NWs with
either circular or pentagonal cross-section assumption having
the same width D on a top view (ﬁgure 3) and assuming the
4
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Figure 5. Load displacement curves of the cantilevered beam (a) and the three point (b) bending test simulations. Red circles and blue squares
represent the segmented and uniform model data points, respectively.

Figure 6. Von Mises stress distributions of Ag NW models at their maximum bent state under cantilevered beam bending (deformation is

scaled by factor of 2) according to: (a) the anisotropic segmented model, (b) the isotropic uniform model.

Figure 7. Von Mises stress distributions of Ag NW models at their maximum bent state under three point bending according to: (a) the

anisotropic segmented model, (b) the isotropic uniform model.

uniform model. The EBT-derived Young’s moduli values
were 84 GPa and 87 GPa for the uniform and segmented
models, respectively. The smaller difference between the two
models is conditioned by the contribution of the tensile
component in the overall stiffness of the system in the three
point bending test conﬁguration. As was noted earlier, the
stiffness of the NW model under tensile loading is not
affected by the presence, number and orientation of the
segment.
Respective simulations had been conducted for the pentagonal Au NWs preserving the same simulation parameters,
conﬁguration and geometries. In general, the simulation

numerical values of Young’s moduli derived from the forcedistance curves on the basis of EBT (equation (1)) were
81 GPa and 89 GPa for the uniform and segmented models,
respectively. The higher E value of the segmented model NW
correlates well with the experimental value of 90 GPa
obtained in the cantilever beam bending tests for relatively
thick pentagonal Ag NWs [16].
The simulation of the three point bending test (ﬁgure 7)
yielded a similar tendency revealing a more stiff behaviour of
the segmented model (ﬁgure 5(b)). However, the difference
between the two models was smaller. The segmented Ag NW
model had only 4% more stored elastic energy than the
5

Phys. Scr. 91 (2016) 115701

M Mets et al

that the wide-spread assumption of the circular cross section
for the actual pentagonal NW in a bending test conditions can
result in greatly underestimated values of the elastic modulus
(up to 40%).

results for the Au NWs revealed the similar tendency as for
the Ag NWs. In both conﬁgurations the segmented Au NW
model yielded a higher Young’s modulus in comparison to
the uniform model. However, in contrast to the Ag NW
model, the difference between the segmented and the uniform
Au NW models in both cantilevered and three-point conﬁgurations was approximately 8%.
The difference between the segmented and the uniform
Au NW models in the cantilevered beam bending was
approximately the same as for the Ag NWs. However, in the
three point bending test the segmented Au NW model
appeared to be 8% stiffer than the uniform model in contrast
to just 4% difference for the Ag NW. This can be explained
by the difference in C11: C12: C44 ratios for gold and silver.
In the cantilevered beam bending conﬁguration the pure
bending conditions are realized, while in the three point
bending there is a signiﬁcant tensile component due to the
fact that both ends are ﬁxed (common conﬁguration in
mechanical testing of NWs). Therefore depending on the
parameters of the elasticy matrix the anisotropy of the NW
may appear differently for the different test conﬁgurations.
From the results of the simulations it can be concluded that
the segmented NW behaves in a more stiff way in bending
tests. The extent of the effect is material dependent. This
founding indicates the importance of the structure in the
interpretation and discussion of the results of the nanomechanical tests of ﬁve-fold twinned NWs. Namely, in
addition to the surface effects, the structure can contribute to
an increased measured Young’s modulus of pentagonal NWs
in bending tests.
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