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ZnO nanowires bent to a complex shape and held in place by static friction force from supporting ﬂat
surface are investigated experimentally and theoretically. The complex shapes are obtained by bending
the nanowires inside a scanning electron microscope with a sharp tip attached to a nanopositioner.
Several methods previously described in the literature are applied along with author's original method to
calculate the distributed friction force and stored elastic energy in the nanowires from the bending
proﬁle. This comparative study evidences the importance of the usage of appropriate models for accurate
analysis of the nanowires proﬁle. It is demonstrated that incomplete models can lead up to an order of
magnitude error in the calculated friction force for complex proﬁles.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Nanowires (NWs) are known to have unique mechanical [1],
optical [2] and electrical [3] properties in comparison to the bulk
material and have a number of promising applications in nanoscale
mechanics [4], electronics [5] and piezotronics [6]. The progress in
miniaturisation and improving the efﬁciency of micro- and nanoelectromechanical systems (MEMS, NEMS) demands accurate modelling of nanoscale phenomena [7]. In particular, adhesion and
friction are crucial parameters for the operation of NEMS. Considering that fabrication of NW-based electromechanical devices
requires precise control over positioning and subsequent behaviour
of the NWs, as well as the fact that friction and adhesion can
cause failures of NEMS, it is evident, that deeper understanding of
NW-surface interaction mechanisms is essential from applicative
point of view.
Friction between an elastically bent NW and a ﬂat substrate
has been studied by several authors using atomic force microscopy
(AFM) [8–10]. It was shown that NWs possess enhanced ﬂexibility
compared to the bulk [11]. At the same time the NW-substrate
adhesion and static friction can be high enough to preserve
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the NW in the bent state. The equilibrium between elastic and
friction forces can be utilised to analyse the distributed friction
from the known NW bending proﬁle and NW elastic modulus.
Such approach was ﬁrstly described by Bordag et al. in [10] and
further developed by other authors [8,9,12].
Bordag [10] assumed the most bent state of arc-shaped NW to
be circular, which enabled to simply use the maximum curvature
of such NW as a basis for the static friction calculation. Strus [9]
introduced a method, where an AFM image of a bent CNT was
used for determining the static friction and elastic stresses in the
framework of the elastic beam theory. Stan [8] used parabolas to
ﬁt through a deﬁned region of the NW centreline for the analysis
with Strus' equilibrium expressions. The drawbacks of the named
methods were the unconsidered boundary conditions and incomplete equilibrium equations.
An elaborated method for modelling the static friction force in
the framework of the elastic beam theory was proposed and
demonstrated for ZnO NWs on silicon substrate by Dorogin et al.
[12,13]. The method beneﬁts from fully satisﬁed boundary conditions and complete equilibrium equations. Although the applicability of the method was demonstrated on arc-shaped NWs, it is
also suitable for more sophisticated proﬁles. The more complex
the bending shape is, the more accurate method has to be applied
due to high sensitivity of the equilibrium equations to curvature
derivatives. Therefore the importance of proper skeletonization
and equilibrium force analysis can be hardly overestimated.
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The aim of the present paper is to revise and compare three
above-mentioned methods [8–10] in application to NWs bent to
complex shapes and to propose a reﬁned method based on
Dorogin's original method [12]. ZnO NWs were deposited onto
an oxidised silicon substrate and then bent using an AFM tip
attached to a piezo-driven manipulator inside a scanning electron
microscope (SEM) chamber like described in [13]. The SEM images
of NWs were acquired and used for extracting NW-substrate static
friction distribution by four above mentioned methods. The results
are compared and analysed. Interpretation of the differences in the
obtained quantities is given with a reference to physical and
geometrical peculiarities of the problem.

2. Theoretical background: elastic beam theory for 1D
nanostructures
Let us consider a prismatic NW elastically bent in a plane under
external lateral forces, which may consist of uniformly distributed
or point forces. As a result, the NW is kept in equilibrium due to
the balance of intrinsic elastic forces and external forces. In
this case the common elastic beam theory [14] can be employed
to ﬁnd the equilibrium equations for the NW. They include the
force F and momentum M of the elastic stress deﬁned as integrals
of cross-section S at any given point l along the NW axis by
components [14]
Z
F i ¼ siγ nγ dS
ð1Þ
S

Z
Mi ¼

S

eiαβ r α sβγ nγ dS

ð2Þ

where sβγ is the component of the stress tensor, ηγ is the
component of the normal vector of the elements of the crosssection area dS, rα is the component of the radius vector from the
axial point l and eiαβ is the unit anti-symmetric tensor. Both the
momentum M and the elastic force F are functions of the
coordinate l along the axis of the NW.
For a NW at equilibrium, the equations of the full system
between the force F and the momentum M are as follows:
dF
¼ f
dl

ð3aÞ

dM
¼Ft
dl

ð3bÞ

where f is the external distributed force per unit length acting on
the NW and t is the tangent vector of the NW axis.
For the pure bending case of prismatic NWs we obtained the
following equations:
M ¼ EIt 

dt
dl

ð4Þ

where E is the Young modulus and I is the area moment of inertia
of the NW. Since the NW deformation is in a plane, M is always
directed out of the plane and Eq. (4) can be rewritten as:
M ¼ EI

dϕ
¼ EI κ
dl

ð5Þ

where the curvature κ can be deﬁned as κ ¼ dϕ=dl ¼ 1=R, where φ
is the tangent angle along the NW in the point l, and R is the local
radius of curvature.
In case of a NW bent on a surface, the distributed static friction
force Fst plays the role of an external force: f ¼Fst. In order to
complete the equations of equilibrium, the tangential component
of the static friction is assumed to be negligibly small F st
t ¼ 0.
Solution of the Eqs. (3a), (3b) and (5) with respect to Fst as a
function of l was obtained by Strus [9] and then employed by Stan
[8]. Independently the solution was obtained by Dorogin [12],
which contained an additional term (as can be seen from Table 1).
It must be noted that Bordag [10] had deduced the expression for
Fst directly from the integrated elastic energy of a circularly
bent NW.

3. Experimental
ZnO NWs grown by the vapour transport method (VTM) [15]
were chosen for manipulation experiments. NWs obtained by the
VTM method have shown well-deﬁned geometrical structure, with
well-structured facets [16] and proper mechanical properties for
manipulation experiments. The NWs obtained ranged from 10 to
20 μm in length and from 60 to 200 nm in diameter.
The manipulation experiments were conducted inside a SEM
(Tescan VEGA II) using a contact AFM cantilever (Nanosensor ATECCONT cantilevers C¼0.2 N/m) mounted onto a 3-dimensional
nanomanipulator (SmarAct SLC-1720-S). The geometry of the cantilever provided tip visibility from the top. The NWs were mechanically transported from the VTM grown substrate by either scraping
it with a sharp tip or using cleanroom wipes to pick up the wires by
touching the substrate and moving them to a silicon surface. During
the transport the NWs were broken into shorter pieces (1–10 μm).
More details about the experimental nanomanipulation setup can
be found in [13].
A single NW on a silicon surface was manipulated by the
following procedure. The substrate with the deposited NWs was
inspected in SEM and a single NW of appropriate aspect ratio in
the range from 30 to 60 was selected. These NWs can be bent into
complex shapes more easily. For lower aspect ratios the elastic
forces in a bent NW tend to overcome the static friction force and
arc-shapes can be obtained. Proper NW was chosen and gradually
bent with the AFM tip on the surface of the substrate. After
retraction of the tip the residual bent shape of the NW was
determined by the balance between the elastic and the interfacial

Table 1
Analytical expressions and calculated values of static friction distribution between the complexly bent NW and substrate (for description see text).
Authors

Static friction between the NW and substrate
Analytical expression

Bordag et al. [10]a

3
F st
n ¼ ðEI=2Þκ

Strus et al. [9]

F st
n ¼ EIðd κ=dl Þ

Stan et al. [8]b
Dorogin et al. [12]
a
b

Average value
(nN/nm)

Maximal value
(nN/nm)

Magnitude of the
total force (nN)

0.024

0.1

0.21

0.49

24A
F st
n ¼  EI

0.19

1.4

9.5

F st
n

0.20

0.38

0

2

2

3
ð16A2 x2 þ 16ABx þ 4B2  1Þ
ð4A2 x2 þ 4ABx þ B2 þ 1Þ9=2
2
2
3

¼ EIðd κ=dl Þ þ ðκ =2Þ

Modiﬁed Bordag using our skeleton as a basis.
x is the coordinate in the plane of the SEM image.

0.004
29
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Fig. 1. Continuous set of SEM images of ZnO NW bent into S-shape by AFM tip. The NW diameter is 90 nm and length is 5.5 μm.

forces. The procedure was repeated many times with different
NWs and different shapes were obtained.
A single S-shaped NW with appropriate aspect ratio was
chosen (Fig. 1b) and different methods for calculation of the
distributed friction force were applied and compared.

4. Results and discussion
Firstly it is necessary to know the exact geometry, size and
elastic modulus of the NWs for the application of the elastic beam
theory and the determination of the distributed friction force in all
considered methods. These properties strongly inﬂuence the
interfacial forces acting between the surface and the NW and thus
affect the mechanical behaviour of the NWs. The cross-section of
ZnO NWs used in our experiment is assumed to be hexagonal [17].
Young's modulus of 58 GPa was used for the friction calculation, as
measured for the same type of ZnO NWs in our earlier work [13].
The second step is a skeletonization, i.e. extracting the centreline and subsequently the local curvature distribution function.
Different authors used different skeletonization procedures. Stan
[8] and Strus [9] both used the software DataThief, although the
ﬁnal skeleton obtained for the friction analysis was slightly
different. Strus [9] used the raw DataThief data and smoothened
it with three- and ﬁve-point running mean average ﬁlters. Stan
provided no information about smoothening and therefore we
assumed that the raw skeleton was used. Stan applied parabolaﬁtting, where a parabola in the form y¼ Ax2 þ BxþC was ﬁtted at
each point along the NW skeleton comprising of six adjacent
points (three at each side).
The skeletonization proposed by Dorogin et al. in [12] is
distinctive in the usage of specially deﬁned polynomials for the
curvature distribution. It enabled to comply with the boundary
conditions of the free ends of the NW already at the stage of
skeletonization. Another advantage is the direct ﬁtting and the
interpolation of the centreline without additional ﬁltering.
Bordag in his original paper [10] did not use any skeletonization algorithm. Instead a circle was ﬁtted to the image of the NW
to ﬁnd the single value of the radius of curvature in the most bent
part of the NW for determination of the maximum value of static
friction. In the current paper the curvature function based on
Dorogin's method was used for Bordag's static friction calculation

Fig. 2. Static friction (a). Elastic energy (b). The total calculated elastic energy
stored in the NW is 0.14 pJ.

to obtain the friction force values not only in the most bent state,
but at each point of the NW.
At the third (ﬁnal) step the static friction force distribution, the
elastic energy distribution and the total elastic energy can be
calculated if the curvature distribution is known. The analytical
expressions for the friction distribution are summarised in Table 1.
Bordag [10], on the basis of the fact that an elastically bent beam
stores a certain amount of elastic energy, extracted the restoring
force of a circularly bent beam and identiﬁed it as the static
friction force.
Strus [9] and Stan [8] both calculated the friction force from the
equilibrium equations of an elastic beam without taking the
boundary conditions into account. Moreover, as it can be seen
from Strus' expression, only the 2nd derivative term is present.
Stan used the same solution for the friction distribution, but
expressed it in the terms of parabolic coefﬁcients A and B. Due
to an algebraic mistake found in [8] the expression was corrected
and used henceforth.
Dorogin [12] had employed the equilibrium equations likewise
and obtained similar result to Strus' with the additional term
proportional to the cube of the curvature.
Let us now consider all described methods applied to a S-shaped
NW (see Fig. 2a). The numerical results for the average and maximum
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due to the boundary conditions incorporated at the pre-processing
stage and complying with the complete set of the elastic equilibrium equations.
The proposed method along with the other existing methods
was applied to a ZnO NW bent to S shape on a silicon wafer. The
calculations of the static friction force and distributed elastic
energy along the NW demonstrated up to an order of magnitude
errors for the complex shaped proﬁles in the other models. This
fact was conﬁrmed by comparison of the total friction force values.
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Fig. 3. Calculated static friction force distributions along a selected NW by four
different methods: Dorogin's (a), Stan's (b), Strus' (c), and Bordag's (d).

static frictions per unit length and the total static friction force
magnitude are presented in Table 1 for all methods. The diagram
with the static friction distributions along the NW for all methods is
depicted in Fig. 3, whereas Fig. 2 contains the friction and elastic
energy distributions from Dorogin's method only.
From Table 1, it is evident that the method proposed by Bordag
[10] underestimates the friction force. Stan's method also has
certain drawbacks. The centreline acquired with the DataThief
software may contain local disturbances if the original image is not
smooth enough. Therefore, Stan's result is exposed to high
frequency artefacts arising from the higher order derivatives used
to calculate the static friction and therefore is more sensitive to
small disturbances in the curvature of the NW. Due to the fact that
Strus used averaging ﬁlters the obtained static friction distribution
is relatively smooth compared to the result obtained by Stan.
Moreover, the methods by Bordag, Strus and Stan neglect the role
of the free ends of NWs and yield a nonzero magnitude of the total
force. This is partly due to the incomplete equilibrium equations used
for calculating the friction force and partly due to an error in the
skeletonization that leads to the breaking of the boundary conditions.
The later problem is elegantly solved in Dorogin's method by
application of specially selected polynomials in numerical calculations. The results of Dorogin's algorithm applied to S-shaped ZnO
NW are shown in Fig. 2, where the arrows indicate the direction and
amplitude of the normal component of the static friction.
5. Conclusions
The shape of an elastically bent NW on a ﬂat substrate results
from the competition between the elastic restoring forces within
the wire and the friction forces between the wire and the
substrate. Thus Young's modulus, cross section, and deformation
proﬁle of the NW completely determine the magnitude and
distribution of static friction along the wire.
A model for calculation of the distributed static friction force
for a NW bent into arbitrary/complex shape and lying on a ﬂat
surface was elaborated and compared with the already existing
models. Our proposed method beneﬁts from the utilisation of
specially selected polynomials exhibiting a higher level of accuracy
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