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Pentagonal nanorods (PNRs) and nanoparticles (PNPs) covered
by mismatched shell layers are theoretically investigated.
Mechanical stresses and elastic energies of such objects are
calculated analytically and analyzed in the framework of linear
isotropic elasticity. Difference between elastic modules of core
and shell is taken into account. The threshold radiuses as the

minimal radiuses of PNR and PNP for which the formation of
the shell layer is energetically favorable are found. The
threshold radius is approximately 10 nm for PNPs and 100 nm
for PNRs of typical face-centered cubic (FCC) metals. The
optimal magnitudes of mismatch parameter giving the maximal
energy release for shelled PNRs and PNPs are determined.
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1 Introduction Crystalline materials with facecentered cubic (FCC) crystal structure often demonstrate
morphologies with axes of fivefold (pentagonal) symmetry.
Micro- and nanosize crystals with such morphologies are
under investigation for more than four decades. As the most
recent experimental results we can refer to Refs. [1–5]. For
example, Hofmeister [1] studied the structure of silver
pentagonal nanorods (PNRs) and nanoparticles (PNPs),
whereas Koga and Sugawara [3] showed a large fraction of
decahedral and icosahedral gold particles against usual FCC
morphology at nanoscale range of sizes.
It is well known that PNRs and PNPs have internal
strains with corresponding mechanical stresses and possess
stored elastic energy proportional to the volume of the PNR
(PNP). A number of models explaining various aspects of
formation mechanisms and physical properties of elongated
PNRs and equiaxial PNPs exist, e.g., [1, 6–10]. Among these
models, the disclination approach [6, 9, 10] presents a natural
way for the quantitative analysis of non-uniform crystal
lattice distortions in PNPs and PNRs.
It was theoretically proposed [11, 12] and proved
experimentally [2, 4, 10] that mechanical stresses associated
with the aforementioned distortions can relax via formation
of crystal lattice defects: dislocations, disclinations, pores,

etc. Investigated mechanisms of stress relaxations in PNRs
include creation of dislocations, opening of a gap, compensating disclination appearance near the PNR’s surface,
splitting of pentagonal axis, growth of monocrystalline
region around the pentagonal axis, and displacement of the
pentagonal axis from the PNR’s center [11]. It has been also
demonstrated that the mechanical stresses in PNRs can be
diminished by the formation of dislocation loops in the
lateral section of the PNR [12].
In two recent letters [13, 14] we have reported on a new
way of relaxation of the mechanical stresses in PNRs and
PNPs via formation of crystal lattice mismatched layer
surrounding the central disclinated region. There was
assumed that lattice mismatched layer (shell) possesses the
same elastic properties as the disclinated core. In the present
study we provide a complete theoretical analysis of this
relaxation mechanism in case of different elastic properties
of shell and core regions of PNPs and PNRs.
2 Theoretical background: Disclination models
of pentagonal nanorods and nanoparticles Figure 1
presents the disclination models for a PNR and PNP. The
crystal geometry of a PNR includes five FCC monocrystalline regions divided by five twin boundaries [6, 10]. Lateral
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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faces of this multiple-twinned PNR are crystallographic
planes of {100}-type, whereas cusp faces are of {111}-type.
The axis of fivefold symmetry is parallel to the h110i-type
direction. Detailed analysis of the pentagonal crystals
morphology can be found in Ref. [10].
Because of the FCC crystal geometry, there exists a
small angular gap v preventing the formation of completely
connected and undistorted PNR (Fig. 1b and c). This angular
gap can be eliminated by mutual rotation of the gap faces
with the introduction of the positive wedge disclination of
the strength v along the PNR axis. The disclination strength
v is related to the twinning angle atwin in FCC lattice (e.g.,
see Ref. [10])
pﬃﬃﬃ
 3
1
v ¼ 2p  5atwin ¼ 2p  10 sin
 0:128
3


 7 200 :

(1)

The presence of disclination leads to elastic distortions
of the crystal lattice in the bulk of PNR (Fig. 1a). In the
continuum mechanics model, which is suitable for the
calculation of elastic fields and energies, a PNR can
be described as an elastic cylinder of radius RP with coaxial positive wedge disclination as shown in Fig. 1d. For
experimentally observed PNRs RP varies from 10 nm to
1 mm [2, 10, 15].
Non-zero components of stress tensor in cylindrical
coordinate system (r,w,z) associated with axis of PNR are [6]
s rr ¼

r
vG
ln
,
2pð1  nÞ
RP

(2a)

s ’’ ¼


 r 
vG
1 þ ln
,
2pð1  nÞ
RP

(2b)

s zz ¼

 r 
vGn 
1 þ 2 ln
,
2pð1  nÞ
RP

(2c)

where G is a shear modulus, n is Poisson’s ratio.
The elastic energy per unit length of PNR is [6]
Ev ¼

Figure 1 (online color at: www.pss-b.com) Disclination models
for PNRs and PNPs: (a) PNR with internal twin boundaries,
(b) angular gap v in a PNR, (c) twinned crystal lattice of PNR,
(d) PNR modeled as cylinder of radius RP having positive wedge
disclination of strength v, (e) icosahedral PNP, (f) PNP with solid
angle deficiency, (g) PNP with six wedge disclinations of strength v,
(h) PNP with infinitesimal solid cones db, and (i) PNP modeled as
spheroid with eigenstrain components euu ¼ eww of magnitude x.
www.pss-b.com

v2 GR2P
:
16pð1  nÞ

(3)

The energy given by Eq. (3) rapidly increases with the
cylinder radius. Therefore the development of relaxation
processes, which can diminish the stored energy, must be
expected. Those relaxation processes include formation of
crystal lattice defects such as dislocations, disclinations,
pores, etc. [1, 2, 10–12].
A similar approach can be applied to the modeling of
PNP internal structure (Fig. 1e–i). PNP crystal geometry
includes FCC monocrystalline regions divided by twin
boundaries confined by 20 tetrahedrons. Due to the FCC
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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crystal geometry an angular gap exists (Fig. 1f). The gap is of
more complicated shape than in the case of PNR. This gap
can be closed by introducing six positive wedge disclinations
of strength v like shown in Fig. 1g. Continuum mechanics
model of PNP involves an elastic spheroid of radius RP with
continuously distributed cones of taken out material with
infinitesimal solid angles db (Fig. 1h). These cones
constitute so-called distributed disclination with eigenstrain
components euu ¼ eww of magnitude x (Fig. 1i) [9]
x¼

3
v  0:0613:
2p

(4)

This defect occupies the whole region of particle. It is
also referred to as Marks–Yoffe disclination [10].
Note that it would be convenient to use the term
‘‘inclusion’’ instead of ‘‘distributed disclination’’. In such
approach it is possible to consider inclusion embedded in a
matrix and having the eigenstrain defined as euu ¼ eww ¼
xd(V), where d(V) is delta-function determined in volume
of inclusion V.
Non-zero stress components in spherical coordinate
system (r,u,w) associated with PNP center are [9]
s rr ¼

4xGð1 þ nÞ  r 
ln
,
3ð1  nÞ
RP

s uu ¼ s ’’ ¼

 r 
2xGð1 þ nÞ 
1 þ 2 ln
:
3ð1  nÞ
RP

(5a)

8px2 Gð1 þ nÞR3P
:
27ð1  nÞ

(5b)

(6)

In Eqs. (5) and (6) we use the same notations as in
Eqs. (2).
The analysis shows that the stress components of the
PNR and PNP [see Eqs. (2) and (5)] change sign with the
radius, so in the surface region of the PNR and PNP a tensile
stress takes place and in the core region there is a
compressive stress. The distributions of stress components
are shown schematically in Fig. 2. Therefore we suppose that
the tensile stress in the surface region of PNR and PNP can be
diminished by increasing the crystal lattice constant in this
region. One can expect that stresses and elastic energy of
PNR and PNP can be diminished during the formation of
mismatched shell layer.
3 Pentagonal nanorods with mismatched shell
layer Let us consider a model for non-uniform PNR
consisting of two phases, i.e., core and shell, with different
crystal lattice parameters and elastic modules as shown in
Fig. 3a. In this figure, shear modules and Poisson’s ratios are
designed as G1, n1 for core and G2, n2 for shell, respectively.
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

The lattice misfit parameter e is defined as
e ¼

The elastic energy of PNP is [9]
Ex ¼

Figure 2 (online color at: www.pss-b.com) Stress distributions in
PNRs and PNPs schematically: (a) Stress components srr, sww, and
szz in PNR in cylindrical coordinate system (r,w,z) associated with
PNR axis. (b) Stress components srr, suu, and sww in PNP in spherical
coordinate system (r,u,w) associated with PNP center. The radiuses
of sign change of stresses r are shown; RP is a radius of PNR or PNP.

acore  ashell
,
acore

(7)

where acore and ashell are the lattice parameters of the core
and shell.
As a result a shelled PNR is described as a two-phase
cylinder, including co-axial positive wedge disclination of
strength v and co-axial cylindrical inclusion with eigenstrain
e. In this way the elastic field in shelled PNR, for example,
stresses sij, can be calculated as a superposition of the
disclination field sij(v) and the field sij(e*) due to inclusion.
On the other hand stresses sij(e*) can be considered as caused
by mismatched layer. Note that shelled PNR is a typical core/
shell cylindrical structure complicated by disclination. For
these reasons we use terms ‘‘inclusion’’, ‘‘core’’, ‘‘layer’’,
and ‘‘shell’’ in the following.
Elasticity boundary-value problem for non-uniform
PNR assumes standard Hook’s law relations for both phases,
equations of equilibrium for the bulk of the core and the shell,
and following boundary conditions
ð2Þ 
(8a)
s rj r¼Rs ¼ 0,
ð1Þ 
ð2Þ 
s rj r¼Rc ¼ s rj r¼Rc ,
ð1Þ 
ð2Þ 
uj r¼Rc ¼ uj r¼Rc ;

(8b)

j ¼ r; ’; z

(8c)

where ui are displacements in cylindrical coordinate system
(r,w,z) associated with axis of PNR, upper indexes (1) and
(2) mean core and shell correspondingly, RC is a core radius
www.pss-b.com
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cylinder have been found in a closed analytical form
vG1
ð1Þ
s rrðvÞ ¼ 
2pð1  n1 ÞA



2
2
 G21 ð1 þ n1 Þt2 ðlnðtÞ  lnðR1
s rÞÞð2n2 t  t  1Þ

þG1 G2  2n21 t2 lnðtÞ þ t2 lnðtÞ þ t2 lnðR1
s rÞ
n1 ð1 þ 4n2 Þt2 ðt2  1ÞðlnðtÞ  lnðR1
s rÞÞ
þð2t4  1ÞðlnðtÞ  lnðR1
s rÞÞ


n2 ðt2  1Þ2 ðlnðtÞ  lnðR1
s rÞÞ

þG22 ð1 þ n2 Þðt2  1Þ t2 lnðtÞ þ t2 lnðR1
s rÞ
lnðtÞ  lnðR1
s rÞ

2
;
þ2n1 t lnðtÞ  ðt2  1Þ lnðR1
s rÞ
(11a)

Figure 3 (online color at: www.pss-b.com) Formation of mismatched shell layer in PNRs: (a) PNR with mismatched shell layer;
(b) energy release per unit length DECP(v) as a function of the core/
shell radii ratio t with different misfit parameters e and ratios of shear
modules G. Here n1 ¼ n2 ¼ 0.3.

of PNR and RS is shell radius of PNR. In the cross-section of
PNR the condition of zero axial load must be fulfilled
ZZ
s zj ds ¼ 0:

vG2
ð2Þ
s rrðvÞ ¼ 
2pð1  n2 ÞA


 G21 ð1 þ n1 Þt2 t2 lnðtÞ þ 2n2 t2 ðlnðtÞ  lnðR1
s rÞÞ

2
1
2
2 2
þ ðt þ 1Þ lnðRs rÞ þ ð1  2n2 Þt lnðtÞRs r

þ G1 G2 t2 ð2t2  1Þ lnðtÞ  n1 ð1 þ 4n2 Þt2


 t2 lnðtÞ  ðt2  1Þ lnðR1
s rÞ
þ ð2t4 þ t2 þ 1ÞðlnðR1
s rÞ þ 1Þ
þ 2n22 t2 lnðtÞ þ n2 t2 ðt2  1Þ lnðtÞ
 2
2
þ n2 ðt2  1Þ2 nðR1
s rÞ þ t lnðtÞ n1 t ð4n2 þ 1Þ


 2t2 þ n2 ðt2  2n2  1Þ þ 1 R2s r 2
þ G22 ð1 þ n2 Þð2n1  1Þðt2  1Þ


2
2 2
 t2 lnðtÞ  ðt2  1Þ lnðR1
;
s rÞ  t lnðtÞRs r
(11b)

(9)

S

Here S is the area of cylinder cross-section.
We give the solutions of boundary-value problem for
sij(v) and sij(e) separately in Sections 3.1 and 3.2. Use of
linear elasticity enables to find the total elastic energy of
PNR with mismatched layer ECP(v) as the sum of three terms
ECPðvÞ ¼ Ev þ Ee þ Eve ,

(10)

vG1
ð1Þ
s ’’ðvÞ ¼ 
2pð1  n1 ÞA

 2

2
2
 G1 ð1 þ n1 Þt2 ðlnðtÞ  lnðR1
s rÞ  1Þð2n2 t  t  1Þ

þ G1 G2 2t4  2n21 t2 lnðtÞ


þ t2 ð2t2 þ 1Þ lnðtÞ þ ð1  2t2 Þ lnðR1
s rÞ
 n1 ð1 þ 4n2 Þðt2  1ÞðlnðtÞ  lnðR1
s rÞ  1Þ

where Ev is the energy of disclination in two-phase cylinder,
Ee is the energy of two-phase cylinder with mismatched
layer, or cylindrical inclusion in cylinder, and Ev  e is the
energy of interaction between the disclination and
cylindrical inclusion.
3.1 Solution for disclination in two-phase
cylinder: Stresses and energy The mechanical stresses
of positive wedge disclination sij(v) in the two-phase
www.pss-b.com

þ t2  lnðtÞ þ lnðR1
s rÞ þ 1


 n2 ðt2  1Þ2 ðlnðtÞ  lnðR1
s rÞ  1Þ

þ G22 ð1 þ n2 Þðt2  1Þ t2 lnðtÞ þ t2 lnðR1
s rÞ
þ t2  lnðtÞ  lnðR1
s rÞ
2


2
þ2n1 t lnðtÞ  ðt  1ÞðlnðR1
s rÞ þ 1Þ  1 ;
(11c)
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vG2
ð2Þ
s ’’ðvÞ ¼ 
2pð1  n2 ÞA


 G21 ð1 þ n1 Þt2 t2 lnðtÞ þ 2n2 t2 ðlnðtÞ  lnðR1
s rÞ  1Þ

2
1
2
2 2
þ ðt þ 1ÞðlnðRs rÞ þ 1Þ þ ð2n2  1Þt lnðtÞRs r

þ G1 G2 t2 ð2t2  1Þ lnðtÞ  n1 ð1 þ 4n2 Þt2


 t2 lnðtÞ  ðt2  1ÞðlnðR1
s rÞþ1Þ
 ðt2  1Þð2t2 þ 1ÞðlnðR1
s rÞ þ 1Þ
 2
2 2
2
þ 2n2 t lnðtÞ þ ðt  1Þ ðt  1ÞðlnðR1
s rÞ þ 1Þ

 2
2
2
 t lnðtÞ  t lnðtÞ n1 t ð4n2 þ 1Þ


 2t2 þ n2 ðt2  2n2  1Þ þ 1 R2s r 2
þG22 ð1 þ n2 Þð2n1  1Þðt2  1Þ

 t2 lnðtÞ  ðt2  1ÞðlnðR1
s rÞ þ 1Þ

2
2 2
;
þ t lnðtÞRs r
(11d)
vG1
ð1Þ
s zzðvÞ ¼ 
2pð1  n1 ÞA


 G21 ð1 þ n1 Þn1 t2 ð2 lnðtÞ


2
2
2 lnðR1
s rÞ  1Þð2n2 t  t  1Þ


þ G1 G2 4n2 t2 lnðtÞ þ n21 t2 4n2 ð2t2 lnðtÞ

þ t2 þ lnðtÞ þ 2ðt2  1ÞlnðR1
s rÞ  1Þ

2
1
ðt  1Þð2 lnðtÞ  2 lnðRs rÞ  1Þ

Here upper indexes (1) and (2) designate core and shell,
correspondingly, t ¼ RC/RS.
The elastic energy of disclination in two-phase cylinder
per unit length is
v2 R2s
Ev ¼
16pð1  n1 Þð1  n2 ÞA
 3
 G1 ð1 þ n1 Þð1  n2 Þt4 ð2n2 t2  t2  1Þ

 G21 G2 t2 3t4 þ 4t2 ln2 ðtÞ

 ð1 þ n1 Þn2 t2 5t2 þ 8 ln2 ðtÞ

þ 2n1 ðt2  4 ln2 ðtÞ  1Þ þ 5
þ t2  n22 ðt2  1Þð4n1 t2 þ t2  1Þ



þ n1 t4  t2 þ n1 ðt4  4t2 ln2 ðtÞ  1Þ þ 2

þ G32 ð1  n1 Þð1 þ n2 Þð1  2n1 Þðt2  1Þ ðt2  1Þ2


 4t2 ln2 ðtÞ  G22 G1 3t6  5t4

þ 4t2 ð1  2t2 Þ ln2 ðtÞ  n21 ð1 þ 4n2 Þt2 ðt2  1Þ2


 4t2 ln2 ðtÞ þ t2 þ n1 ð1 þ n2 Þ 4t2 ð3t2  1Þ ln2 ðtÞ



þ 2n2 t2 ðt2  1Þ2 þ 4 ln2 ðtÞ  ðt2  1Þ2 ð5t2 þ 1Þ

þ n2 ðt2  1Þ3 þ 4t2 ðt2  1Þ ln2 ðtÞ



 n2 t2 ðt2  1Þ2 þ 8 ln2 ðtÞ þ 1 :

(11e)

(12)
3.2 Solution for cylinder with mismatched
phases: Stresses and energy The stresses of co-axial
cylindrical inclusion in cylinder have been found as
following:

þ n1 ð2 lnðtÞ  2 lnðR1
s rÞ  1Þ

 ð2t4  t2  n2 ðt2  1Þ2  1Þ
þ G22 ð1 þ n2 Þn2 ð2n1  1Þðt2  1Þ


 2t2 lnðtÞ  ðt2  1Þð2 lnðR1
s rÞ þ 1Þ ;

ð1Þ

vG2
¼
2pð1  n2 ÞA


 G21 ð1 þ n1 Þn2 t2 2t2 lnðtÞ

ð2Þ
s zzðvÞ

(13a)

ð2Þ

1 
2e G1 G2 ð1 þ n1 Þð1 þ n2 Þ
A



 ðG1  G2 Þt2 þ G2 t2 ð1  R2s r 2 Þ

(13b)

1 
2e G1 G2 ð1 þ n1 Þð1 þ n2 Þ
A



 ðG1  G2 Þt2 þ G2 ðt2  1Þ

(13c)

1 
2e G1 G2 ð1 þ n1 Þð1 þ n2 Þ
A



 ðG1  G2 Þt2 þ G2 t2 ð1 þ R2s r 2 Þ

(13d)

1 
2e G1 G2 ð1 þ n1 Þð1 þ n2 Þ
A

 2

 ðt þ 1ÞG1  ðt2  1ÞG2 ð t2  1Þ

(13e)

1 
2e G1 G2 ð1 þ n1 Þð1 þ n2 Þ
A
 
 2
 ðt þ 1ÞG1  ðt2  1ÞG2 t2 :

(13f)

s rrðe Þ ¼ 

þ 2n2 t2 ð2 lnðtÞ  2 lnðR1
s rÞ  1Þ

2
1
þ ðt þ 1Þð2 lnðRs rÞ þ 1Þ


þ G1 G2 n1 t2 2n2 t2 lnðtÞ þ n2 ðt2  1Þð2 lnðR1
s rÞ þ 1Þ


2
2
2
1
þ 4n2 ð1  2t Þ lnðtÞ þ lnðtÞðt  1Þð2 lnðRs rÞ þ 1Þ


 4 lnðtÞÞ þ n2 2t2  n2 ðt2  1Þ þ 1 2t2 lnðtÞ

 ðt2  1Þð2 lnðR1
s rÞ þ 1

ð1Þ

s ffðe Þ ¼ 

ð2Þ

s ffðe Þ ¼ 

þ G22 ð1 þ n2 Þn2 ð2n1  1Þðt2  1Þ


 2t2 lnðtÞ  ðt2  1Þð2 lnðR1
s rÞ þ 1Þ ;
(11f)
A ¼ G21 ð1 þ n1 Þt2 ð2n2 t2  t2  1Þ


þ G1 G2 ðt2  1Þ ð2  n2 Þt2 þ n2 þ 1  n1 t2 ð1 þ 4n2 Þ

ð1Þ

s zzðe Þ ¼ 

ð2Þ

s zzðe Þ ¼ 

þ G22 ð1 þ n2 Þð2n1  1Þðt2  1Þ2 :
(11g)
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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A



 ðG1  G2 Þt2 þ G2 ðt2  1Þ
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Here all designations are similar to those used in
Eqs. (11).
The elastic energy Ee* of a two-phase cylinder with
mismatched layer per unit length is
1
E ¼ pe2 G1 G2 ð1 þ n1 Þð1 þ n2 Þ
A 


 ð3t2 þ1ÞG1 3ðt2  1ÞG2 t2 ðt2  1ÞR2s :
e

g
¼ ðEv þ Ee þ Eve Þ  Ev0 ,
DECPðvÞ

(14)

On the base of elastic fields, Eqs. (11) or Eqs. (13), one
can calculate the energy of interaction between the
disclination and cylindrical inclusion
Eve ¼

1
2ve G1 G2 ð1 þ n1 Þð1 þ n2 Þ
A


 ðG1  G2 Þt2 þ G2 t2 lnðtÞR2s :

3.3 Conditions for mismatched layer formation
in PNR Energy release in the result of formation of the
mismatched layer in PNR is defined as

(15)

(16)

where Ev0 is the energy of unshelled PNR with radius RS.
Diagrams for energy release per unit length for PNR are
shown in Fig. 3b. One can see areas where DECP(v) < 0. It
means that formation of such layer is energetically favorable.
Figure 4a demonstrates the energy release DECP(v) as a
function of the core/shell radii ratio t at different misfit
parameters e. The contours of the energy release DECP(v) as
a function of t and mismatch parameter e are shown in
Fig. 4b.

Figure 4 (online color at: www.pss-b.com) Energy release per unit length DECP(v) for shelled PNR with different G ¼ G2/G1: (a) energy
release DECP(v) as a function of the core/shell radii ratio t with different misfit parameters e*; (b) contours of equal energy release DECP(v) as a
function of t and e*. G1, n1, G2, n2 are the shear modules and Poisson’s ratios of the core and shell, correspondingly, G varies from 0.5 to 2 and
n1 ¼ n2 ¼ 0.3.
www.pss-b.com
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Optimal misfit parameter eopt and radii ratio topt are
defined as the parameters which give the global maximum of
elastic energy release. For shelled PNR at equal elastic
modules of core and shell the optimal parameters are
obtained numerically: eopt  0.01; topt  0.45.
The case of elastically softer shell, i.e., for elastic
modules ratio G ¼ G2/G1 < 1 (see the top of Fig. 4), is of
special interest. Under such conditions the gain in energy
exists for e > 0, i.e., for the lattice parameter of the shell
being smaller than that of the core. On the contrary, for G > 1
(see the bottom of Fig. 4) even for optimal misfit parameter
eopt there is the region for the parameter t with no energy
release. It is useful to note that optimal misfit parameter eopt
does not vary much with the change of G. In the same time
the radii ratio t giving the maximum energy release at
optimal eopt varies substantially with G.
4 Pentagonal nanoparticles with mismatched
shell layer Figure 5a represents mechanical model of
shelled PNP as two-phase spheroid, including the distributed
disclination with strength x and dilatational spherical
inclusion with eigenstrain e. In such manner the elastic
field generated in shelled PNP, for example, stresses sij, can

be considered as a superposition of the disclination field sij(x)
and the field sij(e*) due to inclusion, in other words, due to
mismatched layer.
In order to find the elastic fields and energy of the PNP
with lattice mismatched layer, the boundary-value problem
similar to the problem for PNR must be solved. The boundary
conditions Eqs. (8) are applied to PNP by a transition from
coordinates (r,w,z) to (r,u,w).
The total elastic energy of shelled PNP consists of the
following terms:
ECPðxÞ ¼ Ex þ Ee þ Exe ,

(17)

where Ex is the energy of the distributed disclination in twophase spheroid, Ee* is the energy of two-phase spheroid with
mismatched layer, in other words, spherical inclusion with
eigenstrain e in a free spheroid, and Ex  e* is an interaction
energy between the distributed disclination and mismatched
layer.
4.1 Solution for distributed disclination in twophase spheroid: Stresses and energy The expressions
found for mechanical stresses sij(x) due to the distributed
disclination in the non-uniform spheroid are

Figure 5 (online color at: www.pss-b.com)
Formation of the shell layer with crystal lattice
mismatch in PNPs: (a) PNP with mismatched
shell layer. G1, n1, G2, n2 are the shear modules
and Poisson’s ratios of the core and shell,
correspondingly; RC is a core radius, RS is a
shell radius, and e is a lattice misfit parameter,
(b) energy release DECP(x) as a function of the
core/shell radii ratio t with different misfit
parameters e and ratios of shear modules G.
Here n1 ¼ n2 ¼ 0.3.
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.pss-b.com

Original
Paper
Phys. Status Solidi B 247, No. 2 (2010)

295

4xG1 ð2n21 þ n1  1Þ



3ð1  n1 Þð1  2n1 Þ G1 ð1 þ n1 Þ 2t3 þ n2 ð4t3  1Þ  1 þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ


 G1 ð1 þ n1 ÞðlnðtÞ  lnðRs r 1 Þ þ 1Þð2t3 þ n2 ð4t3  1Þ  1Þ  G2 ð1 þ n2 Þ ð2t3 þ 1Þ lnðtÞ



þ 2t3 lnðRs r 1 Þ  2 lnðRs r 1 Þ þ n1 ð1  4t3 Þ lnðtÞ  4t3 lnðRs r 1 Þ þ 4 lnðRs r 1 Þ ;
ð1Þ



s rrðxÞ ¼ 

ð18aÞ

4xG2 ð2n22 þ n2  1Þ



3ð1  n2 Þð1  2n2 Þ G1 ð1 þ n1 Þ 2t3 þ n2 ð4t3  1Þ  1 þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ


ð18bÞ
 fG1 ð1 þ n1 Þ 2t3 lnðtÞ þ 2t3 lnðRs r 1 Þ þ lnðRs r 1 Þþn2 ð4t3 lnðtÞ  4t3 lnðRs r 1 Þ þ lnðRs r 1 Þ




 2ð1  2n2 Þt3 lnðtÞR3s r 3 þ 2G2 ð1 þ n2 Þð1  2n1 Þ t3 lnðtÞ  t3 lnðRs r 1 Þ þ lnðRs r 1 Þ  1 þ t3 lnðtÞR3s r 3 ;
ð2Þ



s rrðxÞ ¼ 

2xG1 ð2n21 þ n1  1Þ




3ð1  n1 Þð1  2n1 Þ G1 ð1 þ n1 Þ 2t3 þ n2 ð4t3  1Þ  1 þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ


 G1 ð1 þ n1 Þð2 lnðtÞ  2 lnðRs r 1 Þ þ 1Þð2t3 þ n2 ð4t3  1Þ  1Þ  2G2 ð1 þ n2 Þ t3 þ 2t3 lnðtÞ




þ 2t3 lnðRs r 1 Þ  2 lnðRs r 1 Þ þn1 ð1  4t3 Þ lnðtÞ  4t3 lnðRs r 1 Þ þ 4 lnðRs r 1 Þ þ 2ðt3  1Þ þ 1 ;
ð1Þ

ð1Þ

s uuðxÞ ¼ s ’’ðxÞ ¼ 

ð2Þ

ð2Þ

s uuðxÞ ¼ s ’’ðxÞ ¼ 

ð18cÞ

2xG2 ð2n22 þ n2  1Þ




3ð1  n2 Þð1  2n2 Þ G1 ð1 þ n1 Þ 2t3 þ n2 ð4t3  1Þ  1 þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ



 G1 ð1 þ n1 Þ 4t3 lnðtÞ þ 4t3 lnðRs r 1 Þ  2t3 þ 2 lnðRs r 1 Þ  n2 ð8t3 lnðtÞ  8t3 lnðRs r 1 Þ



þ 4t3 þ 2 lnðRs r 1 Þ  1Þ  1 þ 2ð1  2n2 Þt3 lnðtÞR3s r 3  2G2 ð1 þ n2 Þð1  2n1 Þ 2t3 lnðtÞ  2t3 lnðRs r 1 Þ


þ t3 þ 2 lnðRs r 1 Þ  1 þ t3 lnðtÞR3s r 3 :

ð18dÞ

Here upper indexes (1) and (2) mean core and shell, correspondingly, t ¼ RC/RS, RC is a core radius of spheroid and RS is
shell radius of spheroid; r is a radial coordinate of spheroid.
Elastic energy Ex of the distributed disclination of two-phase spheroid can be written in the following form:
8px2 R3s


27ð1  n1 Þð1  n2 Þ G1 ð1 þ n1 Þ 2t3 þ n2 ð4t3  1Þ  1 þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ





 G21 ð1 þ n1 Þ2 t3 6n2 t3 þ 2t3 þ n22 ð4t3  1Þ þ 1  2G22 ð1 þ n2 Þ2 ð1 þ n1 ð2n1  3ÞÞ ðt3  1Þ2  9t3 ln2 ðtÞ

þG1 G2 ð1 þ n1 Þð1 þ n2 Þ n1 ð6t6 þ 18t3 ln2 ðtÞ þ 5t3 þ n2 ð8t6  36t3 ln2 ðtÞ  9t3 þ 1Þ þ 1Þ

þn2 ð6t6 þ 36t3 ln2 ðtÞ þ 7t3  1Þþ4t6  18t3 ln2 ðtÞ  3t3  1 :


Ex ¼



ð19Þ

4.2 Solution for spheroid with mismatched layer: Stresses and energy
The stresses of spheroid with
mismatched layer or, as we noted above, spherical inclusion with eigenstrain e in free spheroid, are
ð1Þ

ð1Þ

ð1Þ

s rrðe Þ ¼ s uuðe Þ ¼ s ffðe Þ ¼ 
ð2Þ

s rrðe Þ ¼ 
ð2Þ

4 e G1 G2 ð1 þ n1 Þð1 þ n2 Þðt3  1Þ
;
G1 ð1 þ n1 Þð2t3 þ n2 ð4t3  1Þ  1Þ þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ

4e G1 G2 ð1 þ n1 Þð1 þ n2 Þt3 ð1  R3s r 3 Þ
;
G1 ð1 þ n1 Þð2t3 þ n2 ð4t3  1Þ  1Þ þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ

ð2Þ

s uuðe Þ ¼ s ffðe Þ ¼ 

2e G1 G2 ð1 þ n1 Þð1 þ n2 Þt3 ð2 þ R3s r 3 Þ
:
G1 ð1 þ n1 Þð2t3 þ n2 ð4t3  1Þ  1Þ þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ

ð20aÞ

ð20bÞ

ð20cÞ

The elastic energy of two-phase spheroid with mismatched layer where Ee is
8pe2 G1 G2 ð1 þ n1 Þð1 þ n2 Þt3 ðt3  1ÞR3s
:
ð21Þ
G1 ð1 þ n1 Þð2t3 þ n2 ð4t3  1Þ  1Þ þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ
The energy of interaction between the distributed disclination and mismatched layer in PNP has a following simple expression

Ee  ¼

Ee  ¼

8pe2 G1 G2 ð1 þ n1 Þð1 þ n2 Þt3 ðt3  1ÞR3s
:
G1 ð1 þ n1 Þð2t3 þ n2 ð4t3  1Þ  1Þ þ 2G2 ð1 þ n2 Þð1  2n1 Þðt3  1Þ
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ð22Þ
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4.3 Conditions for mismatched layer formation
in PNP Energy release DECP(x) after formation of the
mismatching layer in PNP is defined as
DECPðxÞ ¼ ðEx þ Ee þ Exe Þ  Ex0 ;

(23)

where Ex0 is the energy of the unshelled PNP with radius RS.
Figures 5b and 6 give the energy release for PNPs calculated
in accordance with Eq. (23). The optimal parameters eopt and
topt at which the energy release is maximal have been found
numerically and, for example, for equal elastic modules of
core and shell are eopt  0.04 and topt  0.59.
It should be noted that all observations we made about
the role of parameter G for PNRs (see Section 3.3) remain
true for PNPs.
5 The role of core/shell interface energy Let us
introduce now the energies of free surface and interface in
core/shell PNR or PNP
Eg ¼ gS,

(24)

where g is a free surface energy per unit area or an interface
energy per unit area and S is an area of the free surface or
interface. It will be demonstrated that the introduction of
surface energy terms enables to define the threshold radius
of PNR or PNP, at which the formation of lattice
mismatched shell becomes energetically favorable.
5.1 Threshold radius for PNR Assuming the energies of free surface for shelled PNR and unshelled PNR being
equal there will be only one additional term in the energy
balance caused by the interface energy
EgðvÞ ¼ 2pgRC :

(25)

As a result, the energy release DECP(v) from Eq. (16)
g
transforms to DECPðvÞ
g
DECPðvÞ
¼ ðEv þ Ee þ Eve þ EgðvÞ Þ  Ev0 ,

(26)

where all energies are per unit length of PNR.

Figure 6 (online color at: www.pss-b.com) Energy release per unit length DECP(x) for shelled PNP with different G ¼ G2/G1: (a) energy
release DECP(x) as a function of the core/shell radii ratio t with different misfit parameters e; (b) contours of equal energy release DECP(x) as
function of t and e. G1, n1, G2, n2 are the shear modules and Poisson’s ratios of the core and shell, correspondingly, G varies from 0.5 to 2 and
n1 ¼ n2 ¼ 0.3.
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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The criteria for determining the threshold radius RS can
be written as following:
8
g
ð27aÞ
ðRS Þ ¼ 0;
DECPðvÞ
>
>
>
g
>
< @DECPðvÞ ðRS Þ
¼ 0;
ð27bÞ
@t
g
@DECPðvÞ
ðRS Þ
>
>
>
¼ 0;
>
@e
ð27cÞ
:
0 < t < 1:
The value of threshold radius depends on the elastic
modules of the core and shell (Fig. 7). For the system with
G ¼ 0.5 the threshold radius defined by Eqs. (27) does not
appear at all. For G > 1 it increases with G. The reason for that
can be understood as ‘‘predefined’’ energetically favorability
of a PNR to transform into a PNR with lower shear modulus.
From Eq. (27), for example, for Cu PNR (g ¼ 0.625 J m2,
G ¼ 5.46  1010 Pa [16]) the threshold radii are RS  108 nm
(Fig. 7b) and RS  320 nm (Fig. 7c), respectively. The
formation of shell layer with the mismatch parameter e close
to the optimal value is energetically favorable for PNRs with
RP > R S .
5.2 Threshold radius for PNP For PNPs the interface energy term can be introduced in the same manner as
it was done in Section 5.1
EgðxÞ ¼ 4pR2c :

(28)

Hence, the energy release DECP(x) for PNP with the
additional interface energy from Eq. (28) yields
g
DECPðxÞ
¼ ðEx þ Ee þ Exe þ EgðxÞ Þ  Ex0 :

(29)

For Cu PNP (g ¼ 0.625 J m2, G ¼ 5.46  1010 Pa [16])
the threshold radii obtained from Eqs. (27) and (29) are
RS  4.6 nm (see Fig. 8b) and RS  15 nm, for Ag PNP
(g ¼ 0.780 J m2, G ¼ 3.38  1010 Pa [16]) RS  14 nm. The
formation of shell layer with the mismatch parameter e close
to the optimal value is energetically favorable for PNPs with
RP > R S .
In order to estimate the threshold radii of PNR and PNP
we took into account the interface energies only. In general
case the difference in surface energies of unshelled and
shelled PNR or PNP should be considered.

Figure 7 (online color at: www.pss-b.com) Typical diagram of the
g
energy release in PNR per unit length DECPðvÞ
in the units of the initial
0
energy of PNR Ev for shelled PNRs with the interface energy g taken
into account with different G ¼ G2/G1: (a) misfit parameter
e ¼ 0.019, G ¼ 1; (b) e ¼ 0.0112, G ¼ 0.5; (c) e ¼ 0.011,
G ¼ 2. For these plots g ¼ 0.625 J m2, shear module of core
G1 ¼ 5.46  1010 Pa, Poisson’s ratio of core and shell n1 ¼ n2 ¼ 0.3.

6 Discussion and conclusions In our preliminary
works [13, 14] we have proposed the model of core/shell
formation in PNRs and PNPs exploring the energy release
accompanying mismatched shell formation. Nanoparticles
with core/shell configuration were then prepared and
observed experimentally [17], where copper nanoparticles
were grown with silver shells. The core/shell PNPs also have
been investigated by molecular dynamics simulation method
[18, 19]. It was shown that for Cu–Ni and Cu–Pd systems
[18] the location of ‘‘smaller’’ atoms of Cu in the core of
icosahedral nanoclusters reduces the energy of the system.
The Ag–Pd and Ag–Cu systems considered in Ref. [19] also

confirm that formation of shell with larger lattice parameter
is energetically favorable.
In the present article we have developed further our
investigations started in Ref. [14] and expanded the initial
ideas to PNPs and PNRs with non-uniform elastic properties.
As a following step in the analysis of the present subject, we
plan to compare the results of modeling and simulation with
the experimental results for the core/shell bimetallic
nanoparticles prepared by the colloidal methods. Along
with high resolution electron microscopy observations, UV/
VIS spectroscopy would be applied according to the
method used by Seo et al. in [5], where theoretically
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eopt  0.04 for PNP. The threshold radius as the minimal
radius of nanorods or nanoparticles, for which the formation
of the layer is energetically favorable was found to be
approximately 10 nm for nanoparticles and 100 nm for
nanorods of typical FCC metals.
It should be noted that our model justifies the hollowcore model of relaxation in pentagonal crystals suggested by
Romanov et al. [20]. Hollow core can be treated as a material
with shear model G1 equal to 0. In the terms of our model the
definition of initial state PNR or PNP would need to be
changed correspondingly to have elastic modules G2 and n2.
The resulted expression for energy release for both PNR and
PNP shows energetic favorability of the formation of hollow
core in all the range of core radius parameter.
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Figure 8 (online color at: www.pss-b.com) Typical diagram of the
g
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in the units of the initial
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into account with different G ¼ G2/G1: (a) misfit parameter
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calculated spectra of gold decahedra and icosahedra were
compared with the experimental data and good agreement
was reported.
In conclusion, on the base of our modeling and
calculations we have proved that formation of a shell layer
with crystal lattice mismatch can diminish the internal
energy of PNRs or PNPs. This can be considered as a new
mechanism of stress relaxation in PNRs and PNPs. The
optimal mismatch parameter eopt giving the maximal energy
release was determined as eopt  0.01 for PNR and
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